In this work we study a non-relativistic three dimensional Chern-Simons gravity theory based on an enlargement of the Extended Bargmann algebra. A finite non-relativistic Chern-Simons gravity action is obtained through the non-relativistic contraction of a particular U (1) enlargement of the so-called AdS-Lorentz algebra. We show that the non-relativistic gravity theory introduced here reproduces the Maxwellian Exotic Bargmann gravity theory when a flat limit ℓ → ∞ is applied. We also present an alternative procedure to obtain the non-relativistic versions of the AdS-Lorentz and Maxwell algebras through the semigroup expansion method.
Introduction
There has been a renewed interest in non-relativistic (NR) theories due to their utilities to approach strongly coupled condensed matter systems [1] [2] [3] [4] [5] [6] [7] [8] as well as NR effective field theories [9] [10] [11] [12] . At the gravity level, the study of NR gravitational theories has been discussed by diverse authors in [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . A NR theory can be obtained by a suitable limiting process from a relativistic theory. In particular, through this work, the NR limit corresponds to the limit in which the speed of light c tends to infinity. It is well known that in such NR limit, the AdS spacetime becomes the Newton-Hooke symmetry which in the flat limit corresponds to the Galilei symmetry [29] [30] [31] [32] [33] [34] [35] [36] .
On the other hand, three-dimensional gravity models are interesting and simple toy models as they can be formulated as a Chern-Simons (CS) gauge theory [37] [38] [39] . In particular, CS approach allows us to construct diverse relativistic and non-relativistic (super)gravity actions. Nevertheless, the construction of a NR CS action might lead to infinities and degeneracy. Such difficulties can be overcome by enlarging the field content of the relativistic theory [24, 25, 40, 41] . In the case of the relativistic Poincaré CS gravity theory the NR limit requires to introduce two central extension in order to admit a non-degenerate bilinear form. Such extension leads to the exotic Bargmann algebra which allows us to define a proper finite NR CS action [25, 26] .
Recently, the NR limit of a three-dimensional CS gravity theory based on a particular deformation and enlargement of the Poincaré symmetry was presented in [42] . Such symmetry, known as the Maxwell algebra, has been introduced in [43] [44] [45] to describe the presence of a constant electromagnetic field background in a Minkowski space. Interestingly, the infinities and degeneracy are avoided by considering the NR contraction of a [Maxwell] ⊕ u (1) ⊕ u (1) ⊕ u (1) algebra leading to the Maxwellian Exotic Bargmann (MEB) algebra.
In this work, we explore the NR limit of a three-dimensional CS gravity theory based on the AdS-Lorentz algebra. Such symmetry is a semi-simple enlargement of the Poincaré one and has been initially introduced in [46, 47] . The AdS-Lorentz algebra and its generalizations have been particularly useful to recover (pure) Lovelock gravity theories from CS and Born-Infeld theories [48] [49] [50] . At the supersymmetric level, the supersymmetric extension of the AdS-Lorentz algebra has been used to introduce alternatively a cosmological constant term in four-dimensional supergravity [51] [52] [53] [54] . More recently, a BMS-like ansatz for a three-dimensional CS theory based on the AdSLorentz algebra has been presented in [55] . In particular, the asymptotic symmetry at null infinity turns out to be a semi-simple enlargement of the bms 3 algebra. An interesting feature of the AdS-Lorentz algebra is that it reproduces the Maxwell algebra through a flat limit ℓ → ∞.
Here we present a NR CS gravity based on a particular enlargement of the extended Bargmann (EEB) algebra by considering the NR contraction of the [AdS-Lorentz] ⊕ u (1)⊕u (1)⊕u (1) algebra. Such U (1) enlargement not only allows us to construct a finite NR CS action but also to obtain the MEB gravity in the flat limit. We also present an alternative procedure to obtain the EEB and MEB algebras through the semigroup expansion mechanism (S-expansion) [56] [57] [58] . Such procedure note only provides us with the commutators of the NR algebras but also gives the non-vanishing components of the invariant tensor which are crucial to the proper construction of a CS action.
The paper is organized as follows: in section 2, we give a brief review of the three-dimensional relativistic AdS-Lorentz CS gravity theory. The section 3 is devoted to the NR contraction process of the AdS-Lorentz gravity theory. In section 4, we present an alternative mechanism to obtain the EEB and MEB algebras by considering the S-expansion method. Section 5 is devoted to discussion and possible developments.
Note added: while this manuscript was in the process of typesetting, it came to our knowledge the ref. [59] , which possesses some overlap with particular cases of our results.
2 Three-dimensional AdS-Lorentz Chern-Simons gravity, U(1) enlargements and flat limit 2.1 AdS-Lorentz Chern-Simons gravity and flat limit
In this section, we review the construction of a three-dimensional CS gravity based on a semisimple enlargement of the Poincaré group. The mentioned group is known as the AdS-Lorentz group [46, 60, 61] and the corresponding algebra is a deformation and enlargement of the AdS algebra. The commutators of the AdS-Lorentz algebra read
where J A are the spacetime rotations, P A are the spacetime translations and Z A are non-Abelian generators. Note that A, B, C = 0, 1, 2 are the Lorentz indices which are lowered and raised with the Minkowski metric η AB = (−1, 1, 1) and ǫ ABC is the Levi Civita tensor which is normalized as ǫ 012 = −ǫ 012 = 1. Let us note that the name "AdS-Lorentz" is due to the fact that the algebra (2.1) can be written as the direct sum so (2, 2) ⊕ so (2, 1) by a suitable redefinition of the generators,
A . Let us construct now the relativistic CS action for the AdS-Lorentz symmetry. The threedimensional CS action is given by
where A is the one-form gauge connection and · · · denotes the invariant trace. In particular, the one-form A taking values in the AdS-Lorentz algebra (2.1) reads
where W A is the one-form spin connection, E A is the vielbein and K A is the gauge field along the non-Abelian generator Z A . The associated curvature two-form is
In particular, the Lorentz covariant derivative is defined as
The non-vanishing components of an invariant tensor of rank 2 for the AdS-Lorentz algebra are given by [55, 60, 62 ]
where the arbitrary constants µ 0 , µ 1 and µ 2 can be redefined as
In this way the flat limit ℓ → ∞ is well defined and (2.6) with the redefinition (2.7) leads to the invariant tensor of the Maxwell group in three-dimensions. Note that applying this limit in (2.1) leads us to the commutation relations of the Maxwell algebra. As we will see in the next sections, this behaviour also arises at the level of the non-relativistic gravities.
Considering the AdS-Lorentz connection one-form (2.4) and the invariant tensor (2.6) with the redefinition (2.7) in the general form (2.3), we find that the explicit form of the relativistic CS gravity action invariant under the AdS-Lorentz symmetry reads
where we have defined the torsion two-form T A := D W E A , and the curvature
we see that the action is split into three different sectors proportional to the α ′ s constants. The gravitational CS term is related to the α 0 constant, while the EH term plus a cosmological constant term appear along the α 1 constant together with a term depending on the gauge field K A . The last term proportional to α 2 contain a torsional term plus couplings of the gravitational gauge fields with the K A field. It is important to point out that each of the three sectors is invariant under the AdS-Lorentz symmetry. In particular, the infinitesimal gauge transformations
The CS action (2.8) is invariant, modulo boundary terms, under these gauge transformations.
Note that the flat limit ℓ → ∞ applied to (2.8) leads to the relativistic CS action for the Maxwell symmetry in three-dimensions [42, 63, 64] . In the same way, this limit leads to the gauge transformations for the Maxwell symmetry when is considered in (2.9).
The field equations coming from (2.8) are given by
which can be written as
As is expected, when ℓ → ∞ in (2.10) the equations lead to the Maxwell field equations. Let us now study the NR limit of the presented theory. Here we are interested in the limit where the speed of light is taken to infinity. It is very well-known that taking the limit c → ∞ in the relativistic Lagrangian, might lead to infinities. In order to cancel the divergences, one can include extra fields in the relativistic theory. As we are also interested in finding the NR Maxwell CS gravity [42] in the limit ℓ → ∞, we will consider the [AdS-Lorentz] ⊕ u(1) ⊕ u(1) ⊕ u(1) theory as our initial relativistic theory, i.e, we add three new extra fields to the field content. In this way, the NR contraction should lead to a finite Lagrangian and to a NR algebra with a non-degenerate bilinear form.
Before studying the non-relativistic limit of the AdS-Lorentz gravity theory, let us first introduce the extra U (1) gauge fields in the one-form gauge connection (2.4).
U(1) Enlargements
Motivated by the discussion of the previous section, we now include three extra U (1) one-forms gauge fields, M, S and T in (2.4) as
The new Abelian generators satisfy the following non-zero invariant tensors
12)
Then, the non-vanishing components of the invariant tensor for the new [AdS-Lorentz] ⊕ u(1) ⊕ u(1) ⊕ u(1) algebra are given by (2.6) along with (2.12). Considering the new enlarged one-form gauge connection (2.11) and invariant tensor, the relativistic CS action is written as
In the following we will show that the inclusion of these three extra U (1) gauge fields allows to cancel the divergences that appear in the limiting process. Let us remark that in this work we are interested in the contraction of the [AdS-Lorentz] ⊕ u(1) ⊕ u(1) ⊕ u(1) algebra since, as we will show in the next section, the resulting NR algebra admits on one hand a non-degenerate invariant tensor, and on the other hand, leads to the MEB algebra introduced in [42] in the ℓ → ∞ limit.
3 Non-Relativistic Chern-Simons AdS-Lorentz Gravity
Contraction Process and Enlarged Extended Bargmann Algebra
In the previous section we have constructed an extended relativistic AdS-Lorentz algebra. Now, considering the Inönü-Wigner contraction of this algebra we will obtain a NR version of the AdSLorentz algebra. To this purpose, we will consider a dimensionless parameter ξ, and we will express the relativistic generators as a linear combination of new generators involving the ξ parameter.
We define the contraction process through the identification of the relativistic generators defining the [AdS-Lorentz] ⊕ u(1) ⊕ u(1) ⊕ u(1) algebra, with the NR generators (denoted with a tilde) as
along with the following scaling ℓ → ξ ℓ .
This redefinition is required in order to have a well-defined limit ξ → ∞. A particular enlargement of the extended Bargamm algebra, which we have denoted as EEB algebra, comes from the contraction of (2.1):
Here a = 1, 2, ǫ ab ≡ ǫ 0ab , ǫ ab ≡ ǫ 0ab . Such NR algebra contains three central extensions given byM ,S andT which are related to the three extra U (1) generators. Note that when we set Z =Z a =T = 0 the extended Bargmann algebra is recovered. On the other hand, in the ℓ → ∞ limit the EEB algebra leads to the MEB algebra [42] .
It is interesting to note that the algebra (3.3) can be rewritten as three copies of the so-called Nappi-Witten algebra [65, 66] ,
Such algebra can be viewed as a central extension of the homogeneous part of the Galilei algebra. Let us note that the three copies of the Nappi-Witten algebra reproduces the EEB algebra (3.3) by considering the following redefinitions
A different redefinition of the generators allows us to rewrite the algebra (3.3) as the direct sum of the extended Newton-Hooke Ḡ a ,P a ,S,M,J,H and the Nappi-Witten algebra Z a ,T,Z . In fact, one could defineG
such that the direct sum of the extended Newton-hooke and the Nappi-Witten algebra appears,
H ,P a = 1 ℓ 2 ǫ abḠb ,
This is similar to the relativistic AdS-Lorentz algebra which can be written as the direct sum so (2, 2) ⊕ so (2, 1). In particular, the Nappi-Witten algebra is characterized by the presence of a central extension, denoted byZ. On the other hand, the Newton-Hooke symmetries have been recently studied in three-dimensional spacetime in [32, 33, 36] . The extended Newton-Hooke algebra (3.7), also known as exotic Newton-Hooke algebra [36] has two central extensions given by the generatorsS andM . Such algebra is the NR version of the AdS algebra and appears as a NR contraction of a particular enlargement of the relativistic AdS algebra.
It is important to remark that, even though the NR algebra (3.7)-(3.8) looks simpler than (3.3), it is the basis J ,G a ,H,P a ,Z,Z a ,S,M ,T which allows us to make contact with the Maxwellian Exotic Bargmann gravity through a proper flat limit. In addition, the relativistic AdS-Lorentz CS gravity theory has been studied previously in the literature [55, 62, 67] in the basis {J A , P A , Z A } which satisfy (2.1). It is then natural to construct the CS action related to the EEB algebra in the form (3.3).
Non-Relativistic Chern-Simons action
Let us consider the explicit construction of a NR CS action based on the EEB algebra obtained in the previous section.
The non-vanishing components of a non degenerate invariant tensor are obtained from the contraction (3.1) of the relativistic invariant tensor (2.6) with the redefinition (2.7)
where the relativistic parameters α's were rescaled as
in order to have a finite CS action. As is expected, the flat limit ℓ → ∞ applied to (3.9)-(3.10) leads to the NR invariant tensors for the MEB algebra [42] . Now we can write the NR one-form gauge connectionÃ in terms of the NR generators as follows
The NR curvature two-form is theñ
where
14)
Finally, the NR CS action invariant under the EEB algebra is
The NR CS action contains three sectors proportional to different arbitrary constantsα i . The first term is the CS action for the NR Exotic Gravity. The second and third term reproduce the enlarged extended Bargmann gravity with the explicit presence of the k a gauge field. Let us note that the limit ℓ → ∞ in the term proportional toα 1 reproduces the CS action for the extended Bargmann algebra [25, 26] . On the other hand, the flat limit ℓ → ∞ in theα 2 term leads us to the CS action for the NR Maxwell algebra [42] . It is important to point out that the term proportional toα 1 is not the exotic Newton-Hooke gravity Lagrangian although it leads to the extended Bargmann gravity Lagrangian in the ℓ → ∞ limit. In particular, the additional gauge fields related to the EEB algebra appearing in theα 1 term vanish in the flat limit. Note that we can express the relativistic gauge fields in terms of the NR ones as follows
such that A =Ã. It is straightforward to show that by using (3.2), (3.11) and (3.16) in the action (2.13), after taking the limit ξ → ∞ the NR action (3.15) is obtained. One can notice that the equations of motion from the finite NR action (3.15) reduce to the vanishing of the curvatures (3.14). A completely different situation would occur if the invariant tensor became degenerate during the NR contraction procedure.
Non-Relativistic algebras and S-expansion
In this section we show that the Enlarged Extended Bargmann algebra (3.3) can be alternatively obtained using the S-expansion procedure [56] . We show first that the Maxwellian Exotic Bargmann algebra can also be obtained using the S-expansion method. In simple words, this method consists in finding a new Lie algebra G = S × g, by combining the structure constants of a Lie algebra g with the elements of a semigroup S. Our starting point will be the so-called Nappi-Witten algebra [65, 66] which can be interpreted as a central extension of the homogeneous part of the Galilei algebra. Such Lie algebra can be obtained as a Inönü-Wigner (IW) contraction of a central extension of the Lorentz algebra. In this way, we consider the algebra generated by the Lorentz generator J A , and one extra U (1) generator Y .
The contraction process is defined by the identification of the generators defining the [Lorentz] ⊕ u(1) algebra, with the Nappi-Witten generators as
whereJ are spatial rotations,G a are Galilean boosts andS is a central charge. The resulting algebra coming from the contraction of the central extension of the Lorentz algebra is
This algebra, which can be viewed as the Heisenberg algebra with an outher automorphism J, will be our original algebra in the expansion process. As we will see, using different Abelian semigroups it is possible to derive different NR algebras.
Maxwellian Exotic Bargmann Algebra
Let us first obtain the Maxwellian Exotic Bargmann algebra recently introduced in [42] . For this purpose we consider the Nappi-Witten algebra (4.2) and the Abelian semigroup S (2) E = {λ 0 , λ 1 , λ 2 , λ 3 }, whose multiplication law is given by
and where λ 3 ≡ 0 S is the zero element of the semigroup such that 0 S λ α = 0 S . After considering a 0 s -reduction, one finds a new algebra whose generators J ,G a ,H,P a ,Z,Z aS ,M ,T are related to the Nappi-Witten ones asJ
Using the multiplication law of the semigroup (4.3) and the Nappi-Witten commutators (4.2), one finds that the expanded generators satisfy the following non-vanishing commutation relations
The algebra (4.5) correspond to the Maxwellian Exotic Bargmann algebra and can be obtained as the NR contraction of [Maxwell] ⊕ u(1) ⊕ u(1) ⊕ u (1) algebra. Indeed, as was shown in [42] , (4.5) can be obtained from the relativistic Maxwell algebra generated by {J A , P A , Z A } which satisfy
and three extra U (1) generators Y 1 , Y 2 and Y 3 . At the relativistic level, there has been a growing interest in exploring (super)gravity models based on the Maxwell algebra and its generalizations [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] . Interestingly a dual version of the three-dimensional Maxwell algebra, known as Hietarinta algebra [88] , can be obtained by interchanging the role of the momentum generator P A with the Maxwell gravitational generator Z A . In this dual version, interesting results have been recently obtained in [28, 89] in which a three-dimensional bi-gravity action has been presented. The contraction is defined through the following identifications:
which is the same identification used in the AdS-Lorentz case. The main difference appears in the absence of the ℓ parameter in the relativistic algebra (4.6). It is worth it to mention that the MEB algebra is obtained by expanding the Nappi-Wittwn algebra using the same semigroup S (2) E used at the relativistic level [90] . As we shall see, such particular feature will appear not only for the MEB algebra. The same behavior appears for infinite-dimensional expanded (super)algebras in which the same expansion relation appearing for finite (super)algebras can be used for infinite-dimensional (super)algebras [91, 92] .
The following diagram summarizes the NR limit as well as the S-expansion applied at the relativistic and NR level:
Enlargement of the Extended Bargmann Algebra
Let us focus now in the NR version of the AdS-Lorentz algebra which is the main topic of the present work. As we have seen, this algebra corresponds to the contraction of the AdS-Lorentz algebra enlarged with three extra U (1) generators, namely the NR limit of [AdS-Lorentz] ⊕ u(1) ⊕ u(1) ⊕ u(1) algebra. An alternative way of deriving this NR algebra is through the S-expansion.
As in the previous cases, we first consider the Nappi-Witten algebra (4.2) and a suitable semigroup. For our purpose, we choose the Abelian semigroup S (2) M = {λ 0 , λ 1 , λ 2 }, whose elements satisfy
The election of the semigroup is motivated by the fact that the AdS-Lorentz algebra can be obtained as a S
M -expansion of the Lorentz algebra in three spacetime dimensions. After considering the S (2) M -expansion of the Nappi-Witten algebra one finds an enlargement of the extended Bargmann algebra whose generators J ,G a ,H,P a ,Z,Z a ,S,M ,T satisfy the commutation relations:
The explicit commutators appears by considering the multiplication law (4.8) and the Nappi-Witten algebra (4.2). In particular, the expanded generators are related to the Nappi-Witten ones as
It is interesting to note that the Nappi-Witten algebra is the smallest Lie subalgebra of the EEB algebra containing rotations and boosts. The following diagram summarizes the NR limits, the S-expansion applied at the relativistic and NR level and the corresponding flat limits:
A particular advantage of the S-expansion procedure is that it allows us to obtain the expanded invariant tensor in terms of the original one [56] . It is well known that the invariant tensor is a crucial ingredient for the construction of a CS action. In particular, the non-vanishing components of the invariant tensor of the Nappi-Witten algebra are given by JS = −1 ,
Then, considering the definitions of the Theorem VII of [56] , we recover the non-vanishing components of the EEB algebra given by (3.9)-(3.10). Let us note that the invariant tensor of the MEB algebra can not only be derived as flat limit ℓ → ∞ of (3.9)-(3.10) but can also be obtained from the Nappi-Witten invariant tensor (4.11) considering S
E as the relevant semigroup. It would be interesting to extend this methodology to approach new supersymmetric extension of NR gravity theories.
Discussion
In this work we have presented the NR limit of the relativistic AdS-Lorentz gravity theory. A particular U (1) enlargement of the AdS-Lorentz algebra is considered in order to avoid infinity and degeneracy difficulties. In particular, an enlargement of the extended Bargmann algebra is presented by considering the NR contraction of the [AdS-Lorentz] ⊕ u (1) ⊕ u (1) ⊕ u (1) algebra. Such NR algebra allows to construct a proper finite NR CS action. Interestingly, we have shown that the NR CS gravity theory presented here reproduces the Maxwellian Exotic Bargmann gravity [42] in the limit ℓ → ∞. Furthermore, in such limit the NR CS gravity action contains the Extended Bargmann gravity as a subcase.
We have also studied an alternative method to obtain the EEB and MEB algebra using the S-expansion procedure. It is interesting to note that the S-expansion method not only provides us with consistent NR algebras but gives us the appropriate central extension of the NR algebras in order to have well defined non-degenerate bilinear form. In particular, at the relativistic level, the same semigroup S gives us the respective relativistic algebras with extra Abelian generators whose presence assures a finite Lagrangian in the NR limit. Let us note that further generalizations of the Galilean algebra have also been obtained through the S-expansion method in [93] . On the other hand interesting works have recently appeared in the literature where the Lie algebra expansion method using the Maurer-Cartan equations [94] , which is the first report introducing in a general procedure the Lie algebra expansions, has been used to obtain several (super)algebras for NR (super)gravity [95, 96] . It would be worth studying the possibility to obtain the EEB algebra and the MEB one by applying the Lie algebra expansion of [94] to the relativistic AdS-Lorentz and Maxwell algebra, respectively.
It would be interesting to extend the results obtained here at the supersymmetric level. In particular, the Maxwell and AdS-Lorentz supergravity in the CS formalism have been explored recently in [81, 86] . It would be worth it to explore the extra bosonic field required at the relativistic level to formulate a proper finite NR supergravity action [work in progress].
Another aspect that deserves further investigation is the ultrarelativistic limit of the AdSLorentz theory [work in progress]. One could obtain the complete cube, analogously to the ones presented in [29, 97] , describing the ultrarelativistic, non-relativistic and flat limits for the AdSLorentz symmetry. In particular, one could expect to find an Carroll version of the AdS-Lorentz algebra.
